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Abstract
In this paper, we characterize all polynomial sets which are at the same time d-orthogonal and !-Appell.
The resulting polynomials reduce to Charlier polynomials for (d;!)=(1; 1). Various properties of the obtained
polynomials are singled out: generating function, recurrence relation of order d+ 1 and a di6erence equation
of order d+ 1. We also explicitly express the d-dimensional functional for which the d-orthogonality holds.
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1. Introduction and preliminaries
Recently, many papers dealt with an extension of the notion of orthogonal polynomials known as
multiple orthogonal polynomials. The continuous case was studied, for instance, in [3,4,14,25,26].
A convenient framework to discuss some examples consists of considering a subclass of multiple
orthogonal polynomials known as d-orthogonal polynomials (see, for instance, [8–11,15–19,23]).
For the discrete case, some multiple orthogonal polynomial sets generalizing the Charlier, Meixner,
Kravchuk and Hahn ones were considered in [5]. In this work, we follow a di6erent approach to
investigate some discrete d-orthogonal polynomial sets generalizing the Charlier ones.
Next, we present some basic deFnitions which we need below.
Let P be the vector space of polynomials with coeHcients in C and let P′ be its dual. We denote
by 〈u; f〉 the e6ect of the functional u∈P′ on the polynomial f∈P. Let {Pn}n¿0 be a sequence of
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polynomials in P such that degPn(x)=n for all n. In this case, we call also {Pn}n¿0 is a polynomial
set. The corresponding monic polynomial sequence {Pˆn}n¿0 is given by Pn=
nPˆn; n¿ 0, where 
n
is the normalization coeHcient and its dual sequence {un}n¿0 is deFned by 〈un; Pˆm〉=n;m; n; m¿ 0.
Denition 1.1. Let d be an arbitrary positive integer. The polynomial sequence {Pn}n¿0 is called
a d-orthogonal polynomial sequence (d-OPS) with respect to the d-dimensional functional U =
t(u0; : : : ; ud−1) if it fulFlls [23,27]{ 〈uk ; PmPn〉= 0; m¿dn+ k; n¿ 0;
〈uk ; PnPdn+k〉 = 0; n¿ 0;
(1.1)
for each integer k belonging to {0; 1; : : : ; d− 1}.
The orthogonality conditions (1.1) are equivalent to the fact that the sequence {Pn}n¿0 satisFes
a (d+ 1)-order recurrence relation [27] which we write in the monic form as
Pˆm+d+1(x) = (x − m+d)Pˆm+d(x)−
d−1∑
=0
d−1−m+d− Pˆm+d−1−(x); m¿ 0; (1.2)
with the initial conditions

Pˆ0(x) = 1; Pˆ1(x) = x − 0 and if d¿ 2:
Pˆn(x) = (x − n−1)Pˆn−1(x)−
n−2∑
=0
d−1−n−1− Pˆn−2−(x); 26 n6d;
(1.3)
and the regularity conditions
0n+1 = 0; n¿ 0:
When d= 1, the recurrence (1.2) with (1.3) is the well-known second-order recurrence relation{
Pˆn+2(x) = (x − n+1)Pˆn+1(x)− n+1Pˆn(x); n¿ 0;
Pˆ0(x) = 1; Pˆ1(x) = x − 0:
A particular case of Hahn operators consists to consider the operator ! deFned by
!(f)(x) =
f(x + !)− f(x)
!
; ! = 0; (1.4)
where f is a suitable function for which the second member of this equality exists. This operator
reduces to the di6erence operator  if !=1, and tends to the derivative operator D when !→ 0. It
may be expressed as != 1! [T−!−1] where Ta is the translation operator deFned by Taf(x)=f(x−a).
Many useful properties of this operator were stated in [1].
Let {Pn}n¿0 be a d-OPS. Put Qn(x) = !Pn+1(x); n¿ 0. According to Hahn’s property [21], if
the sequence {Qn}n¿0 is also d-orthogonal, the sequence {Pn}n¿0 is called “classical” d-OPS.
A polynomial sequence {Pn}n¿0 is called an Appell polynomial set if and only if DPn+1(x) =
(n+1)Pn(x); n¿ 0. A natural generalization of this deFnition with the operator ! is given by the
following.
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Denition 1.2. A polynomial set {Pn}n¿0 is called !-Appell polynomial set if and only if
!Pn+1(x) = (n+ 1)Pn(x); n¿ 0: (1.5)
When ! goes to zero, we meet the Appell polynomials.
Now, let us consider the following Problem
P: Find all polynomial sets which are at the same time d-OPS and !-Appell.
Such characterization takes into account the fact that polynomial sets which are obtainable from one
another by a linear change of the variable are considered equivalent.
Notice that the obtained polynomial sets as solutions of this problem must be classical d-OPS
according to (1.5) and Hahn’s property.
This problem, for the limiting case (d;!) = (1; 0), was solved by many authors in di6erent
contexts as mentioned in [2]. We quote, for instance, Angelesco, Hahn, Meixner, Shohat, Webster,
Toscano, and Carlitz. The solution being the Hermite polynomial set. The case (d;!) = (1; 1), was
solved by Meixner [24] who obtained the Charlier polynomial set as an unique solution. Later,
Douak [15] treated the limiting case ! = 0 for general positive integer d and obtained certain
generalizations of Hermite polynomials containing among other the Gould-Hopper polynomials [20].
That are polynomial sets generated by functions of the type:
exp
(
xt +
d+1∑
=2
t
)
=
∞∑
n=0
Pn(x)
tn
n!
; d+1 = 0: (1.6)
Then Abdelkarim and Maroni [1] discussed the case d= 1 and ! = 0.
In this paper, we solve this problem when ! = 0 and d is a positive integer. We obtain the
following main result.
Theorem 1.1. The only polynomial sets which are at the same time d-OPS and !-Appell are
generated by
exp
(
d∑
=1
t
)
(1 + !t)x=! =
∞∑
n=0
Pn(!; x)
tn
n!
; d = 0: (1.7)
The outline of the paper is as follows. In Section 2, we give some properties of !-Appell
polynomials. Among other, we state a generating function and a recurrence relation. We use these
results, in Section 3, to prove Theorem 1.1. In Section 4, we explicitly express the d-dimensional
functional U= t(u0; : : : ; ud−1) for which we have the d-orthogonality.
2. !-Appell polynomial sets
As an example of !-Appell polynomial sets, we mention that the polynomial set {x(n;!)}n¿0
deFned by{
x(n;!) = =x(x − !)(x − 2!) : : : (x − (n− 1)!) ; n= 1; 2; : : :
x(0;!) = 1
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is a !-Appell polynomial set since !x(n;!) = nx(n−1;!). Such polynomial set is generated by
(1 + !t)x=! =
∞∑
n=0
x(n;!)
n!
tn: (2.1)
This example may be used to characterize all !-Appell polynomial sets. We have in fact the
following.
Theorem 2.1. Let {Pn(!; :)}n¿0 be a polynomial set. The following assertions are equivalent:
(i) {Pn(!; :)}n¿0 is !-Appell polynomial set.
(ii) There exists a sequence (ak)k¿0; independent of n; a0 = 0; such that
Pn(!; x) =
n∑
k=0
ak
n!
(n− k)! x
(n−k;!):
(iii) {Pn(!; :)}n¿0 is generated by
A(t)(1 + !t)
x
! =
∞∑
n=0
Pn(!; x)
n!
tn; (2.2)
where
A(t) =
∞∑
k=0
aktk ; a0 = 0: (2.3)
Proof. The implications (ii) ⇒ (iii) and (iii) ⇒ (i) are evident. Next, we prove (i) ⇒ (ii). Since
{Pn(!; :)}n¿0 and {x(n;!)}n¿0 are two polynomial sets, it is possible to write
Pn(!; x) =
n∑
k=0
an;k
n!
(n− k)! x
(n−k;!); n= 0; 1; : : : ; (2.4)
where the coeHcients an;k depend on n and k and an;0 = 0. We need to prove that these coeHcients
are independent of n. Apply the operator ! to each member of (2.4), taking into account to the
fact that both {Pn(!; :)}n¿0 and {x(n;!)}n¿0 are !-Appell polynomials, to obtain
Pn−1(!; x) =
n−1∑
k=0
an;k
(n− 1)!
(n− 1− k)! x
(n−k−1;!); n= 1; 2; : : : ; (2.5)
since !x(0;!) = 0. Shift index n→ n+ 1 in (2.5), we have
Pn(!; x) =
n∑
k=0
an+1; k
(n)!
(n− k)!x
(n−k;!); n= 0; 1; 2; : : : : (2.6)
Compare (2.4) and (2.6) to note that an;k = an+1; k for all k and n which means that an;k = ak is
independent of n and Fnishes the proof.
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This result allows us to recognize some known polynomial sets as !-Appell ones. For instance
(cf. [12]), if ! = 1, Charlier–Poisson, Narumi, and generalized Boole polynomial sets correspond
respectively to
A(t) = et; (2.7)
A(t) = t−k{log(1 + t)k}; (2.8)
A(t) = {1 + (1 + t)h}
: (2.9)
Here, we take the principal value of the logarithms and the powers and suppose h¿ 0.
Now, let us recall the following notion.
Denition 2.1. A polynomial set {Pn}n¿0 is called quasi-monomial if there exist two operators 
and , independent of n, such that P0 = 0; Pn = nPn−1; n¿ 0, and Pn = Pn+1; n¿ 0.
It was shown in [6] that every polynomial set {Pn}n¿0 is quasi-monomial. Most of the properties
of a given polynomial set may be deduced from its corresponding lowering operator  and arising
operator . Next, we follow this approach to obtain a recurrence relation and a di6erence equation
satisFed by a !-Appell polynomial set. We state the following.
Theorem 2.2. Let {Pn(!; :)}n¿0 be a !-Appell polynomial set generated by (2.2)–(2.3). Put
A′(t)
A(t)
=
∞∑
n=0
ntn (2.10)
and de=ne a sequence (n)n¿0 by
∞∑
n=0
ntn = (1 + !t)
∞∑
n=0
ntn (2.11)
or, equivalently, n = n + !n−1; n¿ 0; with −1 = 0.
Then we have:
(i) The polynomial set {Pn(!; :)}n¿0 is quasi-monomial under the action of =! and  operator
given by:
= xT! +
∞∑
n=0
nn!: (2.12)
(ii) The polynomials Pn(!; :); n¿ 0, satisfy the recurrence relation:
Pn+1(!; x) = (x + 0 − !n)Pn(!; x) +
n∑
k=1
k
n!
(n− k)! Pn−k(!; x); (2.13)
(iii) The polynomials Pn(!; :); n¿ 0, satisfy the di>erence equation:(
n∑
k=2
k−1 k! + (x + 0 − !(n− 1))! − n
)
Pn(!; x) = 0: (2.14)
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Proof. (i) Applying the operator d=dt to the two members of (2.2), using the identity (1.5) and
comparing the coeHcients of tn, we obtain (2.12).
(ii) Since Tax − xTa =−aTa, the arising operator  may be written as
= T!x + !T! +
∞∑
n=0
nn!:
It follows then
Pn+1(!; :) = Pn(!; :) =
(
T!x + !T! +
∞∑
n=0
nn!
)
Pn(!; :):
Apply T−! = 1 +!! to the two members of this identity to obtain the recurrence relation (2.13).
(iii) The di6erence equation (2.14) may be deduced from the relation
( − n)Pn(!; :) = 0:
Remark. When ! → 0, we meet the He–Ricci result [22]: The Appell polynomials Pn; n¿ 0,
generated by A(t)ext , satisfy the di6erential equation:(
n∑
k=2
k−1Dk + (x + 0)D − n
)
y = 0:
3. d -orthogonal !-Appell polynomial sets
Let us Frstly state the following
Lemma 3.1. The polynomial sequence {Pn(!; :)}n¿0 generated by (2.2)–(2.3) is a d-OPS if and
only if the coe?cients k; k¿ 0; given by (2.11) satisfy the conditions:
k = 0 for k¿d+ 1 and d = 0: (3.1)
Proof. According to DeFnition 1.1, the polynomial set generated by (2.2)–(2.3) is a d-OPS if and
only if these polynomials satisfy a recurrence relation of type (1.2)–(1.3). Such conditions, by virtue
of Theorem 2.2, are equivalent to the fact that the coeHcients k ; k¿ 0; given by (2.11) satisfy
the conditions (3.1).
Next, we prove Theorem 1.1.
Let {Pn(!; :)}n¿0 be a polynomial set generated by (2.2)–(2.3). If
A(t) = exp
(
d∑
=1
t
)
with d = 0;
then
A′(t)
A(t)
=
d∑
=1
t−1:
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So
n =
{
(n+ 1)n+1 if 06 n6d− 1;
0 if n¿d;
from which, we deduce that the sequence (n)n¿0, deFned by n = n + !n−1; n¿ 1; and 0 =
0, satisFes the conditions (3.1). By virtue of Lemma 3.1, we obtain the d-orthogonality of the
polynomials Pn(!; :); n¿ 0.
Conversely, suppose that {Pn(!; :)}n¿0 is a d-OPS. From Lemma 3.1, we deduce that the condi-
tions (3.1) are satisFed. Then (2.11) is reduced to
(1 + !t)
A′(t)
A(t)
=
d∑
k=0
ktk :
Integrate this di6erential equation to obtain
A(t) = exp(Hd(t))(1 + !t)c=!;
where Hd is a polynomial of degree d, and c is a constant.
Since orthogonality is kept through a shift, the announced result by Theorem 1.1 follows.
As a consequence of this characterization, we mention that a d-orthogonal !-Appell polynomial
set {Pn}n¿0 satisFes a (d+ 1)-order di6erence equation of the type(
d+1∑
k=2
k−1k! + (x + 0 − !(n− 1))! − n
)
Pn(!; x) = 0: (3.1)
4. d -dimensional functionals
In this section, we explicitly express the d-dimensional functional for which we have the d-
orthogonality of the obtained polynomial sets. We state the following theorem by employing a
method, used in [7], for obtaining the dual sequence of a given polynomial set.
Theorem 4.1. The polynomial set {Pn}n¿0 generated by
G(x; t) = exp(Hd(t))(1 + !t)x=! =
∞∑
n=0
Pn(x)
n!
tn; (4.1)
Hd being a polynomial of degree d, is a d-OPS with respect to the d-dimensional functional
U= t(u0; : : : ; ud−1) given by
〈ur; f〉= 1r! exp(−Hd(!))
r
!(f)(0); r = 0; 1; : : : ; d− 1; f∈P: (4.2)
Proof. Put
’(t) = exp(−Hd(t)) =
∞∑
k=0
’ktk :
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From the relation
(1 + !t)x=! = ’(t)G(x; t)
and the identity (2.1), we deduce
x(n;!) =
n∑
k=0
’k
n!
(n− k)! Pn−k(!; x) =
n∑
k=0
’kk!Pn(!; x) =
( ∞∑
k=0
’kk!
)
Pn(!; x):
That is
x(n;!) = ’(!)Pn(!; x):
On other hand, we have
[n!x
(m;!)]x=0 = n!nm:
That allows us to deFne the dual sequence of {Pn(!; :)}n¿0 by
〈un; f〉== 1n! 
n
!’(!)(f)(0); f∈P:
In fact, we have
〈un; Pm(!; :)〉= 1n! [
n
!’(!)(Pm(!; x)]x=0 =
1
n!
[n!x
(m;!)]x=0 = nm:
Now, the desired result follows from DeFnition 1.1.
Remark 4.1. The functionals ur; r = 1; : : : ; d− 1, may be deduced from u0 since we have
〈ur; f〉= 1r! 〈u0; 
r
!f〉; r = 0; 1; : : : ; d− 1:
Next, we consider a particular case where Hd(t) =−atd; a = 0.
Corollary 4.2. The polynomial set {Pn}n¿0 generated by
exp(−atd)(1 + !t) x! =
∞∑
n=0
Pn(x)
n!
tn; a = 0; (4.3)
is a d-OPS with respect to the d-dimensional functional U= t(u0; : : : ; ud−1) given by
〈u0; f〉=
d−1∑
s=0
∞∑
j=0
'(!; d; a;dj + s)f(!(dj + s)); f∈P; (4.4)
where
'(!; d; a;dj) =
aj
!djj!d−1
Fd−1


j + 1d ; j +
2
d ; : : : ; j +
d−1
d ;
a(−1! )
d
1
d ;
2
d ; : : : ;
d−1
d ;

 (4.5)
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and
'(!; d; a;dj + s) =
(−1)d+saj+1
!dj+d(j + 1)!
(
dj + d
dj + s
)
·d−1Fd−1


j + 1 + 1d ; j + 1 +
2
d ; : : : ; j + 1 +
d−1
d ;
a(−1! )
d
1 + 1−sd ; 1 +
2−s
d ; : : : ; 1− 1d ; 1 + 1d ; : : : ; 1 + d−sd ;

 ;
s= 1; 2; : : : ; d− 1; (4.6)
and
〈ur; f〉= 1r! 〈u0; 
r
!f〉; r = 1; 2; : : : ; d− 1; f∈P: (4.7)
Proof. Starting from (4.2) with r = 0 and using successively the following identities:
dkf(0) =
(−1
!
)dk dk∑
j=0
(
dk
j
)
(−1)jf(!j);
∞∑
k=0
dk∑
j=0
B(j; k) =
∞∑
j=0
∞∑
k=0
B
(
j; k +
[
j + d− 1
d
])
;
(dk + s)! = s!ddk
(
s+ 1
d
)
k
(
s+ 2
d
)
k
· · ·
(
s+ d
d
)
k
;
where, as usually, [b] designates the integral part of b and (b)k is the Pochhammer symbol:
(b)0 = 1; (b)k = b(b+ 1) · · · (b+ k − 1); k = 1; 2; : : : ;
we obtain
〈u0; f〉=
∞∑
j=0
'(!; d; a; j)f(!j); f∈P;
where
'(!; d; a; j) =
(−1)j(a(−1! )d)1+
[ j−1
d
]
(d(1 + [ j−1d ]))!
j!(1 + [ j−1d ])!(d− j + d[ j−1d ])!
·dFd


1; 1 + [ j−1d ] +
1
d ; 1 + [
j−1
d ] +
2
d ; : : : ; 1 + [
j−1
d ] +
d−1
d ;
a(−1! )
d
1 + [ j−1d ] +
1−j
d ; 1 + [
j−1
d ] +
2−j
d ; : : : ; 1 + [
j−1
d ] +
d−j
d ; :

 :
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Then the identity (4.4), with (4.5) and (4.6), follows by virtue of the equality[
dj + s− 1
d
]
=
{
j − 1 if s= 0;
j if s= 1; 2; : : : ; d− 1:
We deduce (4.7) from Remark 4.1.
Two examples are worthy to note.
Example 1. We consider the case (d;!) = (1; 1). That corresponds to Charlier polynomials C(a)n (x)
generated by
exp(−at)(1 + t)x =
∞∑
n=0
C(a)n (x)
n!
tn; a = 0:
For this case, the identity (4.5) is reduced to
'(1; 1; a; j) =
aj
j!
· 0F0


−;
−a
−;

= e−aajj! :
From which, we deduce the well-known result (cf., for instance, [13]): The Charlier polynomials
are orthogonal with respect to the functional:
〈u0; f〉=
∞∑
j=0
e−aaj
j!
f(j); f∈P:
Example 2. Here, we consider the case (d;!) = (2; 1). Then the polynomial set {Pn}n¿0 generated
by
exp(−at2)(1 + t)x =
∞∑
n=0
Pn(x)
n!
tn; a = 0;
is a 2-OPS with respect to the 2-dimensional functional U= t(u0; u1) given by
〈u0; f〉=
∞∑
j=0
aj
j! 1
F1


j + 12 ;
a
1
2 ;

f(2j)− 2a
∞∑
j=0
aj
j! 1
F1


j + 32 ;
a
3
2 ;

f(2j + 1);
and
〈u1; f〉= 〈u0;Sf〉; f∈P:
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